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Abstract 

We address the problem of information completeness of quantum 
measuremets in connection to quantum state tomography and with 
particular concern to quantum symplectic tomography. We put for- 
ward some non-trivial situations where informationally incomplete set 
of tomograms allows as well the state reconstruction provided to have 
some a priori information on the state or its dynamics. We then intro- 
duce a measure of information completeness and apply it to symplectic 
quantum tomograms. 



1 Introduction 

The problem of how to achieve a kind of measurement that is "complete" in 
the sense that it can be used to infer information on all possible (also exclu- 
sive) observables dates back to Ref.[l5]. Obviously enough, no set of sharp 
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observables can be informationally complete, while a set of (partially) non- 
commuting unsharp observables can be informationally complete [2j. Obvi- 
ously enough a set of informationally complete quantum measurements also 
allows the quantum state reconstruction. Hence, the connection with quan- 
tum state tomography. Actually, the problem of determining minimal sets 
of informationally complete obsevables is equivalent to the group theoreti- 
cal problem of finding quantum tomographic schemes (still unsolved in its 
generality [3]). Following to the approach introduced in [HI [12] probabil- 
ity representations forming the quantum tomogram can be represented as 
scalar products of a state with some elements of abstract Hilbert space. The 
information completeness can be checked from this point-of-view also. 

Here we shall consider a quantum system on infinite dimensional Hilbert 
space Ti = L^(M). Any measurement is characterized by a positive operator 
valued measure (POVM) M infering a positive operator M{Q) to each Borel 
set n C M. Then, the result of measurement on a state p by means of 
POVM M is a probability distribution defined by P{n) = Tr{pM{Vt)). The 
question that arises is: how much POVMs M"^, labeled by the parameter e, we 
should know to reconstruct the state p from a set of probability distributions 
P\9) = Tr{pM\n))l 

As we shall show a number of POVMs M*^ which is informatially complete, 
in the sense that it allows the reconstruction of the state p from P*^, depends 
on p. If we use for the orthogonal resolutions of the identity for the 
linear combinations of the position and momentum operators X = px + vp 
[e = (/i, u) with p,u E M], then the densities uj{X, p, v) of probabilty distri- 
butions P*^ = P^'^ are said symplectic quantum tomograms [13]. By fixing 
a positive number r and putting p = rcos9, u = rsin^, it is known that 
the set of all rotated position distributions uj{X,9) = Lj{X,r cos 9, r sin 6) is 
informationally complete, because there is a one-to-one correspondance be- 
tween the set of tomograms {lj{X,9), 9 G [0,7r]} and the quantum state of 
the system [T6]. This implies the need of an infinite number tomograms to 
get information completeness. However, in practice these are never available. 
Hence, it would be important to identify situations where an incomplete set 
of symplectic tomograms allows as well the state reconstruction. It would 
be also important to quantify the information completeness of a set of tomo- 
grams. 

Here we shall put forward non-trivial situations where an incomplete set 
of symplectic tomograms allows as well the state reconstruction, provided to 
have some a priori information on the state or its dynamics. Moreover, we 
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shall introduce a measure of information completeness and we apply it to 
symplectic quantum tomograms. 

2 State reconstruction by incomplete knowl- 
edge of symplectic tomograms 

In the symplectic quantum tomography one takes a two-parameter set e = 
(n, v) of the POVM's constructed by means of the orthogonal resolutions 
of the identity for the observables X = + up [13] . 

Let us define a two-parameter set of unitary transforms in the space 
n = L2(]R) by the formula 

{T,,.ij){x) = —1= [ e-^+^f^^^(|/)dy, 1^ + 0. 
J2t{\v\ J 

If "0 G 7i is a wave function in the coordinate representation, then symplectic 
quantum tomograms uj{X,fi,i/) corresponding to the pure state can 
be written as 

Ideally information completeness is achieved with an infinite number of 
the above tomograms. Nevertheless, in some cases a finite number of the 
above tomograms (Incomplete knowledge of tomograms) might suffice for 
quantum state reconstruction, provided to have some a priori information 
about the state or its dynamics. 

Below we present some non-trivial situations. 

2.1 Finite number of nodes 

Let us consider a particle moving in a one-dimensional potential V{x). In 
the following we shall claim to know that 

(a) the position probability distribution Ci;(t,X, 1,0) = uj{X,l,0) has M 
nodes at the initial time t. 

We shall call a state compatible with u;(X, 1,0) if |(X|?/'(t))P = 

uj{t,X, 1,0) and |(X|'0(t + 5t))p = uj{t + At, X, 1,0) infinitesimally, i.e. for 
At ^ 0. 
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We denote by A and — oo = xq < xi < X2 < ■ ■ ■ < xm < xm+i = +00 
the set of possible states compatible with the distribution uj{X, 1, 0) and the 
nodes of uj{X,1,0), respectively. It was shown in [T^ that the evolution 
equation for u{X,l,0) results in the inclusion \i^){ip\,\0{C\ G ^ iff there 
exist phases G [0, 27r], 1 < k < M, such that 

{X\0 = e"'''{X\ij), Xe[xk-uXk], (1) 

1 < A; < M + 1. 

Now we suppose to know one more tomogram uj{X, //, i^), z/ 7^ 0. Then, 
we introduce the notation 

where X[xj.i,xj] = 1 in the interval [ ] and zero otherwise. Taking into 

acount equality ([1]), we can write 

M+l 

j^k j=l 

This means that by knowing n tomograms a;(X, yU^, z/^), 1 < s < n, we 
can write a system of equations of the form ([2]) for unknown phases (pk, 1 < 
k < M + 1. It is shown in pj] that the matrix iipj,t,uiX)ipk,^,,uiX)*)f^^t}^ is 
invertible if n = M, then there exists a unique solution to the system and 
the information given by distributions uj{X, 1, 0), uj{X, Hs, i^s), 1 < s < tt,, is 
complete. 

2.2 Finite number of different phases 

Let us suppose there exist a fragmentation — 00 = x_m < a^-n+i < •.• < 
= Xo < 2:1 < X2 < . . . < < Xn = +00 and a collection of numbers 
< (pj < 2iT, 1 < j < n such that 

n 

j=-n+l 

where ipj{X) > 0, X E supp i/jj = [xj-i, Xj], I < j < n + 1. In the following 
we shall claim to know 
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(a) the fragmentation {xj, —m < j < n}; 

(b) the square of the wave function = uj{X, 1, 0). 

Our purpose is to study how can we reconstruct the state by means of 
the partial knowledge about tomograms a;(X, /i, z/) = C(;(X, r cos6', r sin 6'). 
We shall show that if a number of different phases equals m + n, we only 
need m + n additional angles 9j for which we know uj{X, rj cos 9j , rj sin 9j) to 
reconstruct the state. 

First notice that the conditions (a) and (b) allow us to reconstruct the 
functions i/jj as follows 



^,(X) = X[.,_„.,]v/^(X,l,0). 
Then, let us define a family of functions i/^j^n^u by the formula 

Since J-'^^j, is a unitary transformation, we get 

{i'j,i,,u\i'k,f,,u) = (V'il^fc) = Sjk- 

Moreover, 

n 

Denoting ajkiiu{X) = Re(?/)j,^,,,Vfc,;,,i.) and bjk^,u{X) = Im(?/)j- ^,,,Vfc,^,i.), we can 
rewrite Equation ([3]) as 

[ajk^^u{X) cos(0j - 0^) - bjk^,u{X) sm{(pj - 0^)] 

1 
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j=—m+l 



(4) 



The system of functions {fjk{X) = ipj^^^y{X)'tj)k^^^u{X)* , j ^ k} can be lin- 
early dependent. Thus, quite generally it would not be possible to solve 
Eq.Q with respect to unknown phases. Note however that one can solve 
this equation if the time evolution of the system obeys some additional con- 
ditions (see e.g. Ref.jH] and the previous section). 
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Suppose that | 5 = const is sufficiently small and xj = Sj, 

then 

ipj{X) = Cj + o{S), 6-^0, Xj^i < X < Xj, I < j < n, 
where cj > 0. In such a case we get 



and, for /x 7^ 0, 



i^j,t^AX) - A-^ e e sm-. 

V 2nX ^ 



Thus, the functions /jA; = '^i,At,i/V'fc,/i,i/ are linearly independent for different 
j — k. Moreover, 

Notice that — k"^ = {j — k){j + A;) and the system j — k = r, j + k = s 
has a unique solution for the fixed pair (r, s). It follows that we can pick up 
m + n angles 9j G [0, 27r) and write out m + n equations of the form (jlj) for 
/X = rj cos ^j, u = Tj sin such that solving this system we finally obtain the 
unknown phase differences (f)j — (pk- 

2.3 Free moving particle 

The Schroedinger equation describing the motion of a free particle is defined 
as follows 

#i = (5) 
The solution to is given by the Fresnel integral 

i;{X, t) = -jL= I exp {^ ^^'P' ^ m Y)dY. (6) 

The approach to this situation based upon the Fresnel tomography was in- 
troduced in [HEllG]. Let us compare ([6]) with the Fresnel tomogram up{X, v) 
(see Formula (8) in [4J): 

2 



uf{X, p) 



^ ^ exp f /^^ 1 V^(0, Y)dY 



^l-niv J \ 2u 
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It follows that if we know the symplectic quantum tomogram in the coordi- 
nate representation a;(t, X, 1,0) = |'0(X, f)p for all moments of time t, then 
we can reconstruct the Fresnel tomogram 



0). 



It follows that the symplectic quantum tomogram in the initial moment of 
time t = can be derived from the square of wave function in the coordi- 
nate representation \ip{X,t)\'^ known for all moments of time by the formula 
(compare with Formula (9) in jl]): 



Thus, knowing the dynamics of the symplectic quantum tomogram only in 
the coordinate representation we can reconstruct the full tomogram in the 
initial moment of time. 

2.4 Parametric driven oscillator 

The dynamical problem of a parametric driven oscillator with frequency uj{t), 
force f{t) depending on time and Hamiltonian 



was solved by the method of time-dependent integrals of motion in Ref . |10] . 
In the following we shall claim to know 

(a) uj{t), f{t) and that the evolution takes place according to the Hamil- 
tonian ([7]). 

We denote by TVf (t, X, /x, v) a one-parameter family of distribution func- 
tions associated with the dynamics of quantum tomograms ujp(t){X, ix^v) 
driven by the Hamiltonian ([7]) such that ipt = [H, p]. 

Let e{t), S(t) be functions satisfying the equations 




H{t) 



f{t)x. 



(7) 
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e{t)+uj'^{t)e{t) = 0, 



£(0) = 1, £ 



(0) = z. 
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m = -^e{t)f{t), 5(0) = 0. 

Then, the dynamics of the distribution functions A4{t, X, ^,iy) is given by 
the following formula [1]: 

M{t,X,n,u) = 

M{0,X + V2Re{{fxe + ue)d*), nRe{e) + uRe{e)), fxlm{e) + ulm{e)). (8) 

This means that if we know the evolution Ai{t, X, /x, i>) only for the values 
// = 1 and u = 0, then we can get all tomograms u^X,^,^) at the initial 
moment t = by means of the formula ([8]) as follows 

u{X, Re{e),Im{e)) = -^iM{t, X - V2Re{e6*), 1, 0)). 

oX 

3 A measure of information completeness 

In many situations no apriori information is available about the state, hence 
it would be helpful to have a measure of information completeness to use 
with quantum tomograms. To define such a measure we first need to define 
a measure on convex sets of states. To this end we exploit the informational 
measure introduced and investigated in Ref . [T5] . 

3.1 The general case 

Given a statistical ensembele {nj, pj} consisting of a probability distribution 
(tTj) on a set of states [pj), one can consider the Holevo x quantity 

j j 

where S{p) = —Tr{plog p) is the von Neumann entropy. Let ^ be a convex 
set of states with finite von Neumann entropy. Then, the informational 
measure of A is defined by the formula [15] : 

C{A) = sup x{{7^j,Pj}), 

where the supremum is taken over all probability distributions {nj) on subsets 
of states pj G A. Notice that C{A) is monotonic with respect to A, C{A) < 
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+00 iff A is relatively compact and C{A) = iff the set A consists of a single 
pure state ([T^, Theorem 2). 

Let us suppose that M*^ is a set of POVMs labeled by the parameter e and 
that the measurements of the unknown state p by means of M*^ result in the 
set of probability distributions P^ Then, we consider the set A consisting 
of the states a with the property 

Tr{aM'{Q)) = P'{Q) (9) 

for all parameters e and Borel sets 1] C M. 

Now, the quantity C{A) can be considered as a measure of information 
completeness for the set M^. In particular, if ^ consists of only a single state, 
then C{A) = and the set M'^ is informationally complete. 



3.2 Application to symplectic quantum tomograms 

Let us suppose to know the position probability distribution uj{X, 1, 0). We 
denote by A the set of states generated by all wave functions resulting in the 
probability distribution u{X,l,0). One can see that G ^ iff 

they are connected by the formula 

= e'^(^)(X|0), Xg suppa;(X,l,0) (10) 

for some measurable function ^{X). 

Moreover, we suppose to know additional distributions u{X, z/„ 7^ 

0, 1 < n < A^. Let A be the set of states generated by all wave functions 
compatible with the distributions uj{X,l,0), uj{X, Hn^Vn), 1 < n < N. In 
this case, we have additional relations for G ^ of the following 

form, 

I^Mn,.„WWl' = ^(^,/in,^n), (11) 

1 < n < A^. These relations would decrease the set A leading in some limit 
cases to C{A) = 0. 



Example: Gaussian states 



A generic zero mean Gaussian state can be described by the characteristic 
function [S] 



^(x, y) = exp 



--{<yxxX^ + 2ar,pxy + appy"^) 



[12) 
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where x,y & M. and the covariances a^x, CTpp, satisfy the Schroedinger- 
Robertson uncertainty relation 

1 



(^xxO'pp (^xp — ^- 



The symplectic quantum tomograms corresponding to the characteristic func- 
tion (1121) are given by 

uj{X, /i, v) = — — — ■ — - exp 



Suppose to only know the tomogram 

a;(X,l,0) = ^=^exp (-^) • (13) 

From it we can retrieve the covariance axx- Let us calculate the measure 
C{A) for the set A consisting of the Gaussian states compatible with the 
distribution f|T3l) . i.e. with covariance axx- This quantity equals to the max- 
imum von Neuman entropy overall states in A |15j . 

In passing we note that the von Neumann entropy of a Gaussian state 
results [7] 

Sip) = 9 (^^(yxxOpp - olp - . (14) 

with 

g{x) = (x + 1) log(2; + 1) — xlogx. 

Then, because the condition ( fT3l) does not restrict the value of app we 
obtain for our case C{A) = +oo. 

Now suppose that besides the tomogram ( fT3il , we also know the tomogram 

c.;(X,0,l) = ^=^exp (-^) ■ (15) 

From it we can retrieve the covariance app. Then, taking into account 
([I3D,([I5]) and ([14]) we get 



CiA) = g (^^axx(rpp - 



Finally, if we know any other tomogram for additional parameters (/i, z/) 7^ 
(1,0) or (0, 1), it will allow us to retrieve the covariance axp. Since we sup- 
posed a priori that the set A is generated by pure states, we obtain that our 
Gaussian state is pure, i.e. a'^p = axxO'pp — |, so that C{A) = 0. 

10 



4 Conclusion 



We have addressed the problem of informational completeness of quantum 
measurements in connection to quantum state tomography and with par- 
ticular concern to quantum symplectic tomography. We have put forward 
some relevant cases where the state reconstruction is possible by incomplete 
knowledge of symplectic quantum tomograms. We have then introduced a 
measure of information completeness and we have applied it to symplectic 
quantum tomograms. This work sheds further light on the subject of quan- 
tum state characterization which is becoming relevant for many purposes, 
e.g. quantum information processing. 
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